Overview of

Differential Equations Made Easy — F1 Menu

First of all, see some screen shots which show all options offered in the various menus reaching from
Basics of 1% order DEs over PDEs to special DEs, Laplace Transforms and Eigenvalues.
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I open the first menu point under F1 1.Order, 1:Basics and want to inform about General Sol(ution):
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Then I switch back to F1, 2:Any 1.0rder DE and would like to solve the differential
equation y‘=M; y(0)=4.
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I don’t receive the solution because the TI built in desolve cannot solve this kind of DE.
Under F1 | can find the option G:Linear Fractions. So | try again:
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This is the general solution, but how to obtain the special solution? The solution which is
presented in the Prgm 10 screen is stored as res and can be recalled in the Home screen. In
F7 Menu you can find the respective note.

I‘Fi T FE™ ]’rsv]’ ruv]’ FE T FE™ Iﬁ T Fev Trsv]’ ruv]’ FE T FE™
TE Algebra|Calc|Other|PrgmId|Clean Llpm - E Algebra|Calc|Other|PramI0|Clean Llpm
"res 2-B3 = ,2-B3
. . . mzoluel 4| 7o -1l)l=e -3, B3
(36283524302 83 (y-2)+02 3. (4 ] N _3]_1n(3)
(36285243 T B (u-2) 4 2T 3 1n(3
47 T B _4]= 2 BF_3 "res|B3=——F——=
msolue(4 (702 B3 1] =283 _ 3 p3] (30243 nfu-2+ru?-Tu-24]u _ -,
P T 1 ) 27 T 3F
[GLIL] EAD AUTO FUHC 3750 |mu FHO AUTD FUHL 5750

{E Alatbralchle E{ﬁ'ér Franlo|clean I.IF-D
[3-><2+3-><-|:g—2:|+92—3-g—24]-g= -[x:b
wd-3y-24]u=(x3-3x2+30-x+20)|=0
13.y2-gy+30)+ud-3ui-24.y+a0=0
lexpand[x3+3-x2-l:g— 1)+3-><-[u2—2-'=|+ ¥
24T wf =T wf 4wy —fowy+ 0k

expand{anst1 >3]
AN RAD AUTO FUHC 7/30




Just for checking the result | load DERIVE and apply the LIN_FRAC-function:

2oy — % -5
LIN_FRAC . -1,2,-5,2, -1, 4, x, ¥, 0 4
2w -y + 4
X -y + 3 ®+w -1
LM - — 3N —4m 32—
» +1 % + 1 3.LHC3)
- = LN(x + 1) - ————
2 2 2
After some manipulations | obtain the same solution! Well done, DEQME!!
3 2 2 2 3 2

#101: x4+ Few ey — Fad 4+ Feuwey — By + 30w +w - Fey - 2.y = -R0

In case of non intersecting linear functions in numerator and denominator DERIVE provides a
special utility function FUN_LIN_CFF_GEN. This special case was implemented as you can
see below:
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| try solving another DE using the first menu point “Any 1. Order DE”
1+y* +x-y-y'=0;y(3) =2.
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And I’d like to plot its slope field and the special solution.
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As you can read in the bottom line, the GRAPH Mode changed from FUNC to DE.
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Runge-Kutta is implemented in order to

find numerical solutions.
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Next examples deal with separation of variables — and | switch to the TI-89:

Hetston!s Law of Coulind
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Compare with the deSolve — result. It might be a nice

=9 Particular Solubion ist problem for students to verify the identity of the trig
Inflmduy + -lndlnc2a — -4 =F expressions.
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X+y

y'=

; Y(@) = 2. This is a homogeneous DE.

Again I'd like to | follow the steps. Then I will compare with deSolve.
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How to find an integrating factor—- if there is any? DEQME gives the answer:
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Differential Equations Made Easy — F2 Menu
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I’ll try to address all Menu options from 1: through B: using the occasion to demonstrate parallel how
to apply DERIVE for solving the problems and comparing with the solutions given by other CASs.
Most of the examples are from a textbook Differential Equations™.

I"ll start with 1: Any 2.Order DE and observe the reaction of DEQME. My first package of
differential equations is:

M)  y'=x"+3y-6; y(0)=4,y'(0)=—4
(2) y"+4y=12x; y(0)=5,y'(0)=7
©) y"+y = 2sin(x) -sin(2x)

Example (1)

I Ent 2. OFder DE. K R

DE: [u""=x"2+3#g-5 ] G 1 Lution

Exl: w' ' =ty eneral solution: 5

Indep. var.=: [x | _ -Fox [Fow_m

Dep. war.=: [g ] Y= B47- e +E4E-e -5t 1ess

OFTIOWAL: Initial condition Using Initial condition,

at xoor toor "7; E] particular solution ist

Y ar = ar ..=0 Iﬁ'

|, “Enter=0K ESC=CAMNCEL » |
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Tupe 'res' in the Home Screen
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In order to make comparing the tools easier | will do that example for example. | will am starting with
DERIVE and proceed with WIRIS, wxMaxima, MuPAD, and with TI-Nspire, too, of course.

DERIVE’s Online Help informs about the syntax for solving 2" order ODEs:

DSOLVE2(p, q, I, X, c1, c2) simplifies to an explicit general solution of the linear second
order ordinary differential equation

y" + pX)-y + q(x)-y = r(x)



DSOLVE2 BV(p, q, r, X, X0, y0, x2, y2) is similar to DSOLVEZ2, but simplifies to a
specific solution that satisfies the boundary conditions y=y0 at x=x0 and y=y2 at
X=X2.

DSOLVE2_IV(p, q, 1, X, X0, y0, vO0) is similar toDSOLVE2_BV, but simplifies to a
specific solution that satisfies the initial conditions y=y0 and y'=v0 at x=x0.

2
#1  DSOLVEZ_TV(D, -3, 6 - x , x, 0, 4, -4)

2

NEF 2.3 - 3 2443 26 3x - 16
#2. a o — - + a2 - + — |+ ——
2] 3 3 2 2

Now let WIRIS try the job:

| prob1 :=solve (y"(x) =x? +3-y(x) =6.y(0) =4,y'(0) = =4);]

- . — 2
prob1 — {{m,=[E-v’?+£).e-ﬂ.u[_ﬂﬂ).e\,-s.,_x_&”
3 9 3 9 3 9

| applied a “trick” introducing probl in order to avoid presenting the equation together with
the result in one line which would have been difficult to print it here in a reasonable size.

Next in the row is wxMaxima:
(%11) egn 1: "diff(y,x,2) = x"2+3*+y-§;

dZ

2
(%0ol) F=3ry+=x -8

2
dx

(%12} odeZ(%o0l, ¥, =);

A 3 %0 - 16

9

3 -
(%02) y=2klse" © 4+ 2kZ%e

(%1171 icZ (%02, =0, y=4, "diffiy.xj=-4);

(643 - 101%.{\"?’{ (sxf?+103%e_;\‘f?x 3 x% - 16
+

($0l7) F=-
=] =] 9

What about MuPAD?
:ivp: =ode ({y" " () =x"E43*Fy () -6,y (0] =4, v " (0)=—41,v ()]

ode({ym — 4, y(0)= -4, - 3-y<x)—x2+aa—;yl:x:n+6}, ych)

:solve (ivp)

o () o (5 5) )

3 g ER

Last but not least see the TI-Nspire:

deSolve[}J"=x2+3-y—6 and }J(OJ=4 and _}"(OJ='4JI,_}‘)

£+£.E-J3_.x_2-(3-.]§—5)-e s

3 9 9 3

=y
-
l'.{
b2
—
[#)]

—




TI-Nspire works like the TI-92PLUS and TI-Voyage 200. Please wait, DEQME is able to do a
lot more than only solving this kind of DEs assisted by a nice form for entering the data.

All systems behave the same so far. | can assure that things will change!

Example (2)

a Ent 2. Order DE. ~ ¥ e

h — '.'-='t§£=T=225.:5-<':5~. E.iram
DE: [0' T+4y=12x ] —
Exlf u' ' =uky Gerneral solution:
Indep. wvar.=: [= ] Yy =B57 -cos(2-:) + BE2-sin(2 )+ 3o x
Dep. war.=! [g ] Using Initial condition,
OPTIONAL: Initial conditiaon rarticular solution is:
at = or bt ook L.=0 @ y=5-cos(2-x1+2-sin(2- 0+ 3
gor s or . =b |5
g' o s ar ..=2 |7
Enter=0k ESC=CAMCEL

HAIN FAD AUTO FUNC 1730 HAIN FAD AUTD FORE 1750 T

2

DSOLWEZ_IW(O, 4, 12-x, =, 0, 5, 71 = 4.5IN(x)-C050x) - 10-5IN(x) + 3-x + &

WIRIS:

| prob2 :=solve (y"(x) +4y(x) =12x,y(0) =5,y"(0) =7);

sin (2-x)

prob2 — “y(x1=e-x-sin[2-x1?+ +6-x-cosiz-x]?+5-c05[2-x]}}

prob2 :=simplify(6-x-sin(2-x)2 +

Eﬂ5%§;il+6-x-cos[2'x]2+5'°°5‘2'“]“

sin(2-x
prob2 — 5-cos[2-x}+%+3.x

WxMaxima:

(%1200 egqn Z: "diff(y,: Z)+4*y=1Z%x;

2
d

(%020

yr+4 =1 x
dxz

(%8121} odeZ(%0Z0, v, x);
(302l) ¥=%&E! 31in(Z2 21+ TS cos(2 X1+ 3 =

(%124 1cZ (%021, x=0,y=5, "diff(y, x1=7);
(2024) ¥F=Z2 sin(2 x)+ 5 cos(Z2 X)+3 %

MuPAD provides the same result and so do the TIs!

WIRIS needs an extra simplification — it does not simplify 6x sin?(2x) + 6x cos?(2x) to 6x. The
WIRIS result seems to be wrong! | am using WIRIS itself to check the result — and the right
side gives 24x instead of 12x.

Vixl::s"’“ﬂ'“"'w*'ﬁ-x — xHE-cos[2-x]+—5in{2'x] +6-x
|y"(x)+4-y(x) — 24-x

| could have used also DEQME’s 2nd order DE Checker to check the presented (correct)
solutions!

Example (3) (including an additional 1VP):



Entsir any . Ordsr DE,

: i.frem

T DE: [ ru=Eksintartsintien |
Exl: og''=x#y
Indep. war.=:

[ |
Oep. war.=: [ |
OPTIOWAL: Initial condition

gt w oaor b oor ..

g or = oor ..=
g' or =' ar ..=i

|, LEnter=0k

L 1
ESC=CAHCEL |

- “sinx) - singd - =) +[

51 —(51n(><))4]-cush‘

TWFE + [ENTERI=OF AND [EZCI=CANCEL

I‘Fi T Fev Tr:v]’ F'WT FE T FE™ T]
va Algebra|Calc|Other|FrgmlId|Clean Up

FAIN EAD AUTO FUMC

1720

Enter any 2. Ordst DE.

DE: [0 "4u=F#sintxiksintau) ]
Exl: g''=x+y
Indep. war.=: [« |
Oep. war.=! [ |
OPTIOMAL: Initial condition
- at w or bt oor J.=0 [med
res
_ 4 " _ 9ok s or L.= 1
1[E51 —[=inf=1 ]-cus(x)4-L§~+E52]-51n(x) y'oor 5! ook ..=f [C1
res] | B (D)
MAIN EAD_AOTD FONC 1720 MAIN RAD AUTD FUNL 1720

General solution:

= 2N SN0 [ess - (sinGo)?) cosh
Usirng Initial conditian,
rarticular solution is:

General solution:
_ mzingx)-sinld -
'#J'[

Using Initial condition,
Particular solution is:

B55 - (=inCa1?] - cosh

=w + [2 —E51n(x)j4]-cn5(xl‘ 1+ [2 —(51n(x))4]-c95(x) +[% -Z ; 4]-51n(><)
TAIN FAD_AUTO FUNC 1750 JFAl:E THRIN FAD AUTO FUNE_ 1730 [F fills
Working with DERIVE is interesting:
m
DSOLVEZ_TW| 0, 1, 2-SIN(x)-SINCZ-%), %, —, 1, -1
2
C05(x)-C0504-%x) SIN(x)-SIN(4-%] C05(x)-C0S(2-%x) 13-C050x) X hid
- - + + + | — = — + 1|-5IN(x)
B o) 2 o) 2 4
Z 13
2 JUdam = 32.m + 2330.SIM| ATAN -x
Jldex  + 11-COSCATANCZ ) — ) 2o (m - 4) C05(3-x)
- +
4 B B
[Trigonemetry := Expand, Trigpower := Sines
2
SINCx] x m
C05(x)-| 2 - + | — - — + 1 [-5INCx)
2 2 4

There are three different appearances of the result depending on the Trig Mode Settings. You
need some skills (or intuiton and luck — just try) to find the appropriate settings in order to

obtain a compact form of the solution. Plotting all solutions on the same axes and checking by
substituting the solution into the given equation shows the identity of the expressions.

SIN(x) - SIN(4.%) 4

+ [2 — SIN(x) 2-C0S0x) +

x

y () = -
B

v ) + w(x) - 2.SIN(x).SIN(Z.x) = O

5

m-4

]-sm(xj
4

WIRIS presents its solution in a very “extended” form. Plotting and applying the appropriate
Trig Mode in DERIVE confirms the identity with the other results.



solve(y"(x)+y(x)=2sin(x)-sin(2x),y(m/2)=1,y'(m/2)=-1)

_ sin(x) -sin(—-2-x) _ sin(x) -sin(4-x) _ sin(x) -sin(2-x) X T i
- {{“"]“ 2 8 2 o(F- 1) sine
y(x):=- sin(x]-s;n(—z-x) _ sin(x)-;inm-x] _ sin(x)-jintz-x] +(%—£+1)-sin(x)—
cos(4-x)-cos(x) . cos(x)-cos(2-x) . 13-cos(x)

8 2 8 ’

This was the first step. Simplifying this result once more delivers the result as above
(DERIVE):

sin(x) -sin(=2-x) _ sin(x)-sin(4-x) _ sin|
4 8

+2]-cos[x] +[§—;+1] -sin(x)

simplify(—
_ [_ sin(x)?
2

WxMaxima (correct result):

cos({3x)+d xsinix)-cos(x) (3pi-4)=inix)
= . - p + 2 cos(x)

| believe that you are not surprised now that MuPad also delivers another form of the result — which
proved to be wrong (satisfies the 1Vs, but does not satisfy the DE).

solve (1vp3)

23 . cos(x) . cesl3.x)  cos(S.x)  mesinix)  x-oainf(x)
{16 +Sm':x)+32+32_4+2}

Finally I apply tCollect on the DEQME-output A1 aobr a|caTc [other Proniolc1ean ue| |

and receive a new appearance (right). y =2 SINR R L[5 (2 inga)?] cast

L] r‘ig_ht(r‘es)_
Z=2inl) 2intd ) (5 ¢ costo »

Then | substitute into the given equation and E
. . B {Collectiright.
calculate the difference of the left side of the .;.:Ds,c;fi;.'ipig-cir;ﬁ?J, 202 % —m+4) sing,
. . . =] v
equation and the expected right side and hope T YT I E T = Ty ST T Y T VL
that the result would be 0. H1AIH RAD RUTD FUINC 15730
e finr | ore ot FromTolciee us| |
) 3
ud [rightires)] + rightires) - 2-sindx) -

g
scosfx) - cosld w1+ 2-sinx) sinid-x) - 2k

. tEDllect[ Scos(x)-cos(d - x) + 2-sinlx)-sink
]

tCollect{ans €12

HMAIN KAD AUTO FUNC 1730

Both next problems read originally as follows:

Verify that y; and y, are solutions of the DE. Then find a particular solution of the form
y =C1 Y1 + C, Y, that satisfies the given initial conditions.

@) Xy -2xy'+2y=0; y=xY, =X y(1) =3, y'(1) =1

(5) X2y +2xy' —6y=0; y,=x",y,=x"y(2) =10, y'(2) =15



Example (4)

I try solving the DE and leave the check of the solutions y; and y, for later.

Enter any z. Order DE. ""D ’ﬁ : .-T : i
| DE: [l TR Ty 47950 | General solution:
Exli g''=x#y
Indep. war.=: [« ] U= B59-x2 + @EE-x
Dep. war.=: [g ] Using Initial condition,
OFTIONAL: Initial condition particuylar solution is:
at x oor b ook .=t (1 _ @
gar s or .=t 2 y=3-x-2-x
y' or s' ar .=t [
|, (Enter=0K__> +ESC=CAHCEL> )
AN RAD AUTO FONC 1730 T1RIN FAD ALTO FUNE 1750 TS |

Again we don’t encounter any problem using DEQME!
The next page shows the DE solved by DERIVE, WIRIS, wxMaxima, and MuPad:

2 2 2
DSOLYWEZ_TIY| - —, —, 0, %, 1, 3, 1| = 5.x - 2-x
® 2
¥
WIRIS:
Example (4)

| solve (x? -y"(x) =2x-y'(x) +2y(x) =0,y(1)=3,y"(1)=1) — {{y(x)=—2-e2INX) +5.x}}
| simplify(y(x) =-2-e2'MX) +5.x) — y(x)=-2-x2+5-x

WIRIS needs again an extra simplification for ™= x. Then see wxMaxima ...

eqn_ 4 "xM2FTAIEE (v, ®, 20 -2%x*TdiEE (v, x, 1) +2*%y=0;

2 a® d

3 v|i-2xl—w|+t2w=0

2 dx
dx

aodeZ (%all, v, x);

v=8k21x°+ %k2x
12 (%0l2, w=1,v=3, "diff (v,x)=1);
y=5x—2x2

... followed by MuPAD (compact form of the procedure performed on page 26):

solve{ode{{x 2%y " "(x)-2%x*y " (x)+2%y(x)}=0,v(1}=3,v"{1)=1},v{x)})

{5-x—2-x%)
This runs pretty well, let’s try the next example which looks very similar.

Example (5)

Enter any 2. Order OE. “D

| DE: 2y Py —Eu=0 |
Exl: g '=uky

Indep. war.=: [« ] L, m2 ey —F-u)
g't=——t = 7 2

Dep. war.=: [ | e

OFTIONAL: Initial condition Uzing Initial condition,

at xoor toar .=t 2 rarticular solution is:

g or s ar ..=3 |1EI -2 (x-y' - 30y)

g' or =' ar ..=f [15 H"=—2

|, “Enter=0K ESC=CHHCEL » ®

AN RO AUOTO FONC 1730 HAIM FRD_AUTD FUML 1750 JF 11l 6]




Interestingly this DE cannot be solved although it looks very similar to Example (4). Maybe that it
doesn’t have any solution? | try the 2. Order DE Checker offered in Option 4 for y; and y,:

el R ML A T D
2. Order DE Solution Checker.

Fiv Fev
.'_ g0 der 1 |FOE|Trans{ [More |k

1:Ang 2Z.0rder OE
) 22 Homogeneous OE: = [u' "= -Fuwky +Eud  w™F |
Diffed 3:Hor—Homogensous. MOTE1: Must be in format g''=
tee lmoer LE Lhec ker HOTEZ: Variables are x and .
: Soluert =Idx Exif u' =why
tllariation of Para. Ewzs ' '=
tndeternined Cosff i —
tBes=el Equation Solution u=! [«°F |
tReduction_of Order Exl: y=x 2+
tLegendre DEL
fCauchy-Euler DEGR Enter=0K ESC=CHMCEL
AN EAD AUTO FUOHC 1750 HRIH FAD AUTD FUML 1730

_ 2wy = 3Feu)

y'' =
wZ Thus. wour solution:
Thus. uJour solution: H‘L
u =2 s
is is
true true
Dore. Dore.
HAIN FAD_AOTO FUNE 1,30 ;| HAIM RAD_AUTO FUML_1/30 TG |

y1 and y, are solutions — as expected. So, we have solved the problem given in the textbook. | leave
this DE for a later treatment and will look how DERIVE and other Computeralgebra Systems are
performing. Doubtless | am starting again with DERIVE:

2 2
DSOLVEZ_IN| —, - ——, O, =, 2, 10, 15| = 1napplicable
#2: ® 2
b

I was not very much surprised about #2. The TI’s algorithms are very close related with the DERIVE
algorithms. (David Stoutemyer implemented the DE-package in DERIVE and the Tls as well.)

I checked the validity of y; and y, as solutions with DERIVE. Any linear combination of y; and y,
should also form a solution, hence:

2 -3
sol(x) = cl-x + c2-x

2
¥ 501" (%) + 2-x-507"(x)] - 6.501(x) =0

So we are very curious what other systems will answer. Our next candidate is WIRIS:

| Example (5)

| prob5 :=solve(x? -y"(x)+2x-y'(x)—6-y(x)=0,y(2)=10,y'(2)=15);
| probs — {{y(x)==16.-e 3 In(x) 43 .g2-In(x)};

3-x°=16

simplify(y(x)==16-e 3" IN(X} +3. 2 (X)) — y(x) = -
X

We obtain for x> 0 y(x) =-16x"° +3x°. Then | try a compact form with wxMaxima.

1cZ (ode2 (2% diff (v, %, 2)+2*x*"diff (v, %, L) -6*y=0,v, ®) , x=2, v=10, "diff (v, x)=15) ;
s 16

=3 -—
¥ 3
X

MuPad delivers the same solution without any problems. | don"t know why DERIVE refuses solving
this equation, do you know?



Example (6)
Find the general solution of x*y” —3xy’+8y = x* +2x for x > 0.
I y(x) is a solution for x > 0 then y(-x) is a solution for x < 0.

The “trick” is applying the substitution x = €°. Then u(s) = y(e°) = y(x) = u(log x).
The following is a useful application of the chain rule — for the students.
x=e’and y(x) = y(e°) = u(s)
u'(s)=y'(e*) e =y X
U"(S) — yu(eS) .es .es + y/(eS) _es — yﬂ_eZS + y/ _es — yn . X2 + yr X
hence
y'(X)-x* =u"(s)—u’(s) and y'(X)-x=u'(s)
The given differential equation reads now (in variables s und u):

"

u"—u’'—3u’'+8u=e*+2¢°
u”—4u’+8u =e* +2¢°
This is an nonhomogeneous ODE of 2™ order with constant coefficients. At first we have to find the

general solution of the respective homogeneous DE. We ask DEQME:

[ Far (™ FEw Few |7
._. I_Ir -_i--r Order n|POE([Transt [More |k
2. 0rder OE

H ||r|| |:|--r|.-uu-
tHon—Homogerneous
=2 Drder E Checker
FIUP Solwver:s wxl#fxd
tllariation of Para.
tUndetermined Coett
itBessel Equation
tReduction_of Order
tLegendre DER
ftCauchy—Euler OER

znd Order Homodengous DiFFEAn.

d2ysdx e Hhddysdutody=0

ar o' kg Fodkg=0

has characteristic eguation:
sE+h#s+c=0

Soluwing it gields 3 different
solution cases to the Degn.

Ent.er=0K ESC=CHAMCEL

Diffe

0 T 00C0 = L P L

MAIN KEAD AUTO FUHC &1/30 HMAIN KAD AUTO FUNC 21./%0

o ~ RS — T T =
runi i = solution Ca5es. - e - -Iy'llI Enter & oFder homod, Dean. )
13 If bEi-dckd, then " \ —
ST e ™ (2 14 ke (525 I |
2y If bE-d4c=0, then .
z1=-hs2 and =t [E_ |
E?E%?eEEEi*ﬁ%+EEﬁx*e”(51*x) OFTIOWAL: Inhitial condition
gl =h at. xO=:
Y=C 1 ke (ks dks in ks wixbi=z |
HC 2™ L R COE Lk D ) .
where u=-bs2, w=1sZwf(4c-b2), g xh=t
kcEntep:DK " (ESC=EHNCEL>J . CEnter=0K ESC=CHHCEL » |
ggmmu FAD_AUTO FUME 21730 ggggTw:ummmmenuﬁkmmn

As we are restricted to y and x in this option, we
Lnaram;"e‘rf{s{ic eqdaﬁli:n have to rewrite the solution as
s2-4.5+8=0
s2-4.5+8=0

u(s) =c, -e* cos(2s) +c, -e* sin(2s).

b2-4c<B@ . thus case 3 with We need a particular solution to accomplish the

U=z . .

w=z solution for the nonhomogeneous equation.

Thus. honea. solutiont The method of undetermined coefficients seems
=BT e * o cos(2- w1+ B4 et 2 inl 2 ) . .

i FA AUTD FINC 21731 F il to be appropriate. Again we ask DEQME for

information and support.



Fir _ Few Fiwr Fir FEwr Far |F7
1. Ordet PN ET O

der n|POE|Transf [More |k

ANy 2. 0rder DE
Homogeneous

Hon—Homogeneous
2. 0rder UE Checker
TP Soluveri wxl#xs
Lariation of Fara.

Lermined Lostt

Bez=e qualiaon
Reduction_of Order
Legendre DEQ
Cauchy—Euler OEGR

AN EAD AUTO FUMC 2120

e S S

The Method of Undetermined
Coefticients tries Lo find Yp.
It can be used if glx) has a
finite family of derivatives.
I.e. gixr=

Constant. k or =™n or e™(kxl

or =intkxd or cosCkx) or a
product-sum of these functions.

,_LEnter=0K ESC=CAHCEL

T _T ]
Undekermingd CocfFicients g

AN EAD AUTO FUMC 2120

- fvmon i oyis PR

Homogeneouws Solution Yh=
Bl e® %ooos(Z-x) + B2 2 Fozin(Z %)
Trying for a Particular

Solution wsing

Undetermined Coefficients.

Family of Solutions Ye=
heZ ®4q 0¥

e f iiv [ iev [ i T B
Undetermined CogFFicients Ty L

A2yl o oy =g

or o' oy Fokg=gixd

has solution:

Y=Yh+Yp

Wh=Claygl+C2+y2 is =solution
to g' by Hoky=i

and Yp is part. solution to
y' by Fodky=glxd

| CEnter=0K_ D CESC=CAMCELD

FAAIN RAD_AUTO FUNL 21730
El'lti-f'.DEﬂl'l v'.'-+b*y'+c*v;sl:x:l ] ™
b=:
c=: [E_
aixa=t (e (R +Ske ™ 0
OPTIONAL: Initial condition
at =x0=: |
gixr=r |
y'ixm@i=t |
|, (Enter=0K > ESC=EANCEL )

TYFE + [EMTERI=0K AMD [ESCI=CAMCEL

FIT9EETT ITTLO TEJrT &

o

o = |5

AN EAD AUTO FUMC 2120

L uz el

compare coefficients:
ex{4-b-ex+5-a]=ez'x+2-ex
Complete Solutioni

=Bl o2 M caz(2 o + B2 6L K 2 in( 2w + 2P

Yooz o+ @262 % sin(2 w0 +

e27H 3. ¥

[RLIL] EAD AUTO

FUNC 0730 [FillzE

Now we have solved the (u,s)-DE which must be transformed back to the y(x)-function:

x =¢€* <> s=logx

(u,9):

(v, %):

u(s) =c, -e* cos(2s) +c, - 6> sin(2s) + eT s

y(X) =c¢, - x> cos(2log x) + ¢, - X’ sin(2log x) +X7+%.

I regret having to admit that DERIVE is unable to solve this equation, so we will try with wxMaxima:

odeZ (x2°2* " diff (v, 52, 2) -3*x*Tdiff (v, =, 11 +8*y=2"242%x, v, =) ;

(227 s )omz ot o502 2
Sx +8x/zin(2 log(x)) +\5x +8 xjcosiz loglx))

¥= z0

+x2(%klsin(210g(x)ﬂ-%kECos(Zlog(x)D

I used the occasion to demonstrate Options 2 and 3 of the F2-menu.

We can apply the DEQME built-in DE Checker (Option 4) or do it on our own in the Home Screen

(see below) for checking the solution.

o A ML

DE: @ [Bu'=m—0u- w P+ ™22 w7 |
MOTEL: Must be in format g''=
MOTEZ: Wariables are x and 4.
Exli u''=x+y
Ex2i y''=y
Solution y=:
Exli y=w"2+x

[El#x™Zacos 2 1nixa 4

e —
2. O0rder DE Solukioh Checket.

Enter=0K ESC=CAMCEL
AN AL AUTO FUHC_4/30

- | iugm

: Figgdnea|l pic |
has ageneral =solution:
. x2+x{ﬁu'+ﬂ—ﬁﬂ
o = =
=
Thus. dour solutiond

U=kl %2 cos(Z lncx + k2 %2 sin02 - Incso®
i=s
Liue

MAIM RAD_AUTO FUHL =/50 JF 110 26l




[Fi T Fer Trsv]’ruv]’ FE T FE™ T]
- E Al gebralCalc|0ther|PrgmId|Clean Up

Dohe

-right[g==es-xz-cnscz-1n(xn-+e4-x2-5in¢
BT %2 cos02 1Acx) + @d-3x 2 2in02- InCx)) #

LI %+ 2)
dxl | b ok
wh2RECy w23 —Fukd w13 +8

[RLIL] EAD AUTO FUHC B/20

2
2.d
L Y '_(':IJ_S'X'
d!xz

As you might guess | was not really satisfied about DERIVE’s inability solving one or the other Euler
Equation. So look at this:

(7) x2y" —3xy' +8y = x*+2x

(8) X’y"+2xy -6y =0; y(2) =10, y'(2) =15
9) X’y +2xy' -6y =30x; y(2) =10, y(6) =15
(10)  x*y"+2xy' -6y =30x; y(2) =10, y'(6) =15
(1)  x*y"+2xy -6y =30x; y'(2) =10, y'(6) =15

All of them cannot be solved using DSOLVE2, DSOLVE2_1V and DSOLVE2_BYV respectively.
My EULER-functions do a better job.



Examples (7) — (11)

s
3 & X+ 2
DSOLVEZ| - —, . = inapplicable
® 2 2
H ®
but now
Z Z
3 & ¥+ 2aX 2 2 b 2
EULERZ| - —, . = clex «COS{20LNCxDY + c2ex SINCZLMxOD + +
® 2 2 4 g
X ®
2 6 2 16
EULERZ_IY| —, = ——, 0O, =, 2, 10, 15| = 3% - —
® z2 3
X ®

Parameter #9 in EULER2_BV (= k) = 0 (= default) for y0=y(x0) and y1 = y(x1)
= 1 for y0 = y(x0) and y1 = y'(x1)
=2 for y0 = y'(x0) and y1 = y'(x1)

P
P 5 30 145 0% 15 .x 1620
EULER2_BY| —, - ——, ——, %, 2, 10, 6, 15| = - +
® 2 ® &8 2 3
® 11.x%
2
P 5 30 A 310.x 153 22680
EULERZ_BY| —, - ——, ——, %, 2, 10, 6, 15, 1| = - +
¥ P ¥ 163 P 3
\ % . 163 %
P
P 5 30 A 1805.x% 153 6480
EULERZ_BW| —, - ——, . %, 2,10, 6, 15, 2| = - -
¥ 2 ¥ 958 P 3
\ % . 121x
one check:
P
1805 % 15 6480
fx = - -
G958 P 3
121.%
2

¥ fF"T )+ 2o TN - BFRD =
We will ask DEQME to solve example (8) after having recognized that (8) is of Euler type on
page 43 investigating Option B: Cauchy-Euler DEQ.

wxMaxima confirms the solution of boundary value problem (9):

be2 (odel (x°2* 7 diff (v, 2, 20 +2%x* Tdiff (v, 2) —6%y=30%x, v, ®2) , =2, yv=10, u=6, y=15) ;

2
145 x 15 x 1620
+

y: -
=15 2 3
1l x

muPAD says that | am right with my solutions for (9), (10) and (11), thank you very much, indeed.




[solve{ode ({x 2%y " " (x)+2%x*y ' (x)—6*y(x)=30%x,v(2)=10,v(6)=15},v(x) )}

145.2% _ 15.x , 1620
88 2 112

[solve(ode({x 2%y " " (x)+2%x*y " (x)-6*y(x)=30%x,v(2)=10,v'(6)=15},v(x)))

310.x* _ 15.x | 22680
163 2 163 77

[solve(ode({x 2%y ' (x)+2%x*y () -6*y(x)=30%x,y'(2)=10,y"' (6)=15},v(x)}))

1805 15.x _ 6480
968 2 121 %7

These are two of my “home made” EULER-functions for DERIVE:

EULERZ(p, g, r, x, €1, €2, ans) :=
Frog
ans := DSOLYEZ(px - 1, q-x™2, SUBST(r-x"2, x, e™x), =x, cl, 2]
If - STRIMG?(ans)
LIM{ans, =, LMi(x)]
"Jnapplicable"

EULERZ_IVW(p, g, r, x, x0, »0, v0, ans, v, s) :=
Frog
ans := DSOLYEZ(p-x - 1, q-x"2, SUBST(r.-x"2, =, 2™x), =, 1, 2]
If - STRING7(ans)
Frog
v iz dlans, x)
s = (SOLUTIONSC[LIMCans, =, =00 = O, LIMCw, =, =00 = 0], [c1, c2]0041
SUBST(ans, [¢1, c2], =)
"Tnapplicabla"

I used these functions to solve problems (9) to (11).

I don’t copy the Boundary Value function EULER2_BV here to save space. Its syntax is as follows:
EULER2 BV(p, g, 1, X, X1, y1, X2, y2, k)

with k = 0 (by default): given are (Xq, y1 = y(X1)) and (Xz, Y2 = y(X2))

with k = 1: given are (X1, y1 = y(X1)) and (X2, y> =y’ (X)) and

with k = 2: given are (X3, y1 =y’ (x1)) and (X2, Y2 = Y’ (X2)).

WIRIS cannot solve nonhomogeneous Euler DEs.

This is function euler2 for the TI-Nspire:

L]
2 2 2 euler2 3f4|
nE ot =0y y=cT x"+c2'x
deSolve(} X 4 e =05y Define euler2(p,q,r,xy)=
Func
desolve y"+£-y'—%-y=ojxy }J--zwj’}’) Local ki,k2,s0]_eq
*ox * eqi=y"+p=1) y+q y=rje=e’
euler2l-2,2,0,x,y) —c16 v 2+c15 x sol_:=deSolveleq,)
Y . . sof_|f=1n(x:l
erxfer‘2(2,-6J O,xly) }’=f:20'x2+ r:'."qQ EndFunc
ol
X

Nspire has the same problems solving Euler DEs as the T1-92 PLUS and the Voyage 200 as well.



The screen shot on the next page shows some examples worked with TI-Nspire applying euler2.

EH@T2L33%12+2'510J y=€21x 0042 Inx H+c22 x SHﬂan(J) ;;E%gigl
2,2 _ (1)e =5 x-2'x°
deSolve|y'-=y+——=0 and y{1)=3 and y(1)=1xy y=orxmarx
X 2
deSolve(y"—S-x-y'+8-y=x2+2-xjxky) Y'=x 2y (3 y+2) g8y
© but, using euler2:
eﬂfé?'Q('f%81I2+2'IJIL}’) y=c3x cosf2 Infx J)+r:4 x?-sin(2 Infx] j+ %
© solving Problem 10:
euler2(2,-6,30'x,x,y) y=c6-x2— 15-x+|‘:_f
IJ
f( )—rlghty—cﬁ 2o 15x c.:.i Done
IJ
d 22680 310
- =LA )= 5= d cb=—""
solve(l[] A2] and 15 dxb‘(t))h 6,{:‘:5;6]') c 3 and ¢ 3
_310 2 15x 22680 3100?15 22680
163 2 1837 163 2 jg3.,3

|

DEQME supports initial value and boundary value problems as well in Option 5:

=Hnu Z2.0rder OE
f Homogeneous

1
z
3t Hon—Homogeneaous
452, O-der E_Ehec

Select gour IU Problem typet

Given are

: ion
=Undeterm1ned EDEFF
tBessel Equation
tReduction_of Order
tLegendre DEL
fCauchy—Euler DOEG

HMAIN FAD AUTO FUMC 2430 [RLIL] EAD AUTO

FUHC 2/Z0

It works pretty well for all 2" order ODEs which can be solved by the TI’s DE-Solver.

Proceeding investigating menu F2 | reach Option 6: Variation of Parameters. DEQME provides

stepwise demonstrating this standard algorithm. I’ll show two examples:
(12)  y"—4y' +4y=2e"
13) y" =9y =sinh(2x); yQ) =1, y'(Q) =—

SERTITT Fow  tiw o fee f Fr Yy faw ﬁ eV tiw T tew T fr T iaw
i Yariakion of Farameker A Nariation of Fararmster
Soluwe o' "oy e ikg=g 0 DECx,uds  [u ' —dy +du=Fe™ (4wl
If o' ey +e Ocddg=0 has Exl: u''+y=tanix:
solutions glox? and g2 Coeff of u'' must be Cmade) 1.
then partic. solution is: OPTIOMAL: Initial condition
YOxd=ul Gl O +HuZ G dg2 (x0) at w=t
where wlixi= .
SPuZkgs (ylsy2 ' —yZegl w=i |
V2= g ldgs g leg? ' -y Ryl 'y g'=r |
| CERter=0K_ D ESC=CAMCEL > . “Enter=0K ESC=CAMCEL » |
[GLIL] FAD ANTO FONC 0750 RN FAD AUTD FUMC_00F0




iZE;EE

Pl daeafd sl flivra
1 Find Homog. Solution
Characteristic equation:
sf-4.2+4=n
(=-21%=0n

be-dc=0 , thus case 2.
Double Zero izt

+ Homogenesous Solution
u=(Bl-x+B2) 2

==2Z

Fy=R1de™ s g ) HRZ ke ™ (2 1D

FHIN RAD_AUTO FUNHC 0730 [Fiil:E] MAIN RAD AUTD FUMC_ 0750 [F i1l 26}
‘s - AT

23 Particular solution u2(xj-92'x+u1(><)-[x+ 1]

Wl sy ] o D2 O kg2 0 = where ulixi=

R el H 4 Wi [ + 1] SiuZeas Culeu 2 —uZegl  idx

whetre ultwxi= SSet 2 a2k kg ) b L2k T 2 D —e (2B

- FuTHasCgl U2 —u gl e “I e CE D O 2 ] Dk (2o D e (2o D D=

mdet (D ok Ie (ko . Gk L Eoke ™ Doy — e 2 ke Lk (Tt dcde=

“I 2™ Bk 1S Ot L Dok ™ ek D e ™ 2ok ) D= - [ et q

—J 2k bk 3o U240+ D= T+ 1 F

HAIN RAD_AUTO FUNHC 0730 [Fiil:E] MAIN FAD AUTO FUMC_ 0750 [F i1l 26}

and w2(xa=

Julsgs (ulsgZ ' —uyZegl ' adx

Pl dung ) 2 ot L2 g™ (2 n—p ™ C 2ok a1 B
P20t L ke Ok D (2o Ok 1 ok ™ C 2ok D= ™ 2R

J2# ] dbe ™ 2 U 24 1 Did= Thus, Particular Solution
J‘[ PRegs ] 2w W1 sl G b2 G2 (=
2 ||l |dut e 4 -
! " .
R e R e
HAIN RAD_AUTO FUNHC 0730 [Fiil:E] MAIN RAD AUTD FUMC_ 0750 [F i1l 26}

Maybe that students are happy with this, notify the result and proceed to the next example. | am not
happy, because | can see that both integrals are not calculated. So this method fails! At the other hand
there is a result, which says that the internal DE Solver finds the particular solution! What is my
conclusion? What should the students conclude? There must be another method which should be more
appropriate. Try in this case the Method of Undetermined Constants!

DERIVE returns - without stepwise simplification:

d.x a 2-x
DSOLWEZ(-4, 4, 2.& 1 = +a le2-x + cl)
Z

I recommend applying DERIVE’s Stepwise Simplification of this Solving procedure, it is an
experience following the 30 “steps”. You will learn a lot about DERIVE’s “thinking”.

I am trying Parameter Variation once more solving example (13):

[:'E'if' Enter any z. Order DE. -\"D

DE: [u""-Og=zinh{Zx> ]

Exl: ' =y General solution:
Indep. war.=i [z | e F R (1mme e ¥ o 2T W 4 2% 4 10 5]
Dep. war.=: [g | 4= 1
OPTIOHAL: Initial condition Using Initial condition,
stoxor toor .22 [nid) particular solution ist
g or s or L.=0 |1 . e 5.
S or s or ..=t [Le2 CEE1r et o 19205 % 4 192 6% + 9664)
| Enter=0K ESC=CANCEL ) 1520

AN RAD_AUTO FUNC 0730 MAIM RAD_AUTO FUHL 070 JF 110 26l




e e ree T ¢ N 5 i

R T

-v-I"J] Variation of Farametsr ) Figiineall sl flinhaa |
DECx, g2t [u'"—Sg=sinh{Zwxd ] + Homogeneous Solution
Exl: wo''+u=tanix) Y= B2t My @) BH

Coeft of u'' must be (madel 1.
OFTIOWAL: Initial condition

at x=t [lne2d

u=t [1
w'=: [-1-2
| (Enter=0F ESC=CHNCEL |
FAIN EAD AUTO FUMC 0/20 FMAIM RAD AUTO FUMC 0/%0 T

BN R S L
: i v B g dnen | s i =.Et?:s-s~];-':' *;:s'tsi:l:.:a:s-e:s 5_:;,ﬁ
23 Particular solution =ret =S ke (du ) -1 2k e (B 04 1 D24 (ER
Wl ey ] G D2 Oy 20 1= mle 2 e 2k ] 2R e (B 0+ 1D 1 2D
R S LR RS 1"
WAL = +4-e +1 = . 32 +1
[ . ] e T2, 4_5_62 x_t’an_i[r[ -.‘“3 ]]_:’
where wlixi= Tz
mFuZkas CglagZ —gZegl ! dds
—loash3#x s inh {2y s {243k inh 34x 2 —cak and W2Cx)=
- e S ke (o d =1 Dk e (S 1+ 1 Do CER Juldgsfglag? ' —g@eg] i
AN FAD_AOTO FUHE 070 - HAIN RAD_AUTO FUHL U750 JF il 6]

FE

RRT AR P L
sl pic [l e P 0 L i

Pér‘ticular‘ Solution

and w2ixa= Thus,
Pl iglags ' —u2egl W1 Cu ] Co 2 s sy 2=
T2Hsinkg D) A0 24 Toen § b € T I — b S D B e [1npd 2B K 2 25Ny ¥y g 3]
F2ksinhC 2l (ks inh (3 -0 dx= jE]
et e™ (2 i+ 1 0o (T C e (e (20 1+ 1 00 Using Initial condition,
E-[E-ex + 1]] [E-[E-ex _ 1: rarticular solution is:
E'[ta”“[T i - _ e 3% [179.68 % - 192 0T X 4 1oz e¥ 4y
] 2= 1520
TRIN FAD AUTO FUNC G750 JFru:E T1RIN FAD AUTO FUNE_ 0750 TS |

Compare with DERIVE followed by wxMaxima:
DSOLVEZ_TV(O, -8, SIMH(Z-x), %, LN(Z), 1, -0.5)

EXSs 2% - Z.u - 3.
1752 =] e 151.e2

1520 10 10 30

icZioded ("diff iy, 2, 2) -8*y=sinh(2*x) v, %), 2x=1log(2),v=1, "diff (v, =2)=-1/2) ;

-2 x 4 = 3 -3
e (%e —1) 17952 * 1518e %
= + +

10 1920 30
F2 Option 7: Undetermined Coeff(icients) was treated on page 33.

Options 6 and 7 are really nice and students and teachers as well might appreciate this tool. It
could be a challenge to implement this “stepwise simplification” for TI-Nspire or DERIVE or
other Computer Algebra Systems — as stand alone programs.

So we can proceed to Option 8: Bessel Equation.

DEQME gives a short explanation of how the Bessel Equation looks like. The general form of
the Bessel DE is:

X2y"+ Xy +(x* —m?)y =0.
| learned from the text books that the Bessel DE and Legendre Equation (Option A) appear

when solving Partial Differential Equations (Laplace Equation).
Obviously DEQME shows only the — most important — case for m = 0.



Egsse] Equation.

wEdd P E bk dxt kg =0
has non-explicit solution:

(Enter=0K__ » (ESC=CAHCEL »

[RLIL] EAD AUTO

FUHC 2/Z0 HMAIN FAD AUTO

See MuPad’s answer:

FUMC_&/50 [F i1l 26}

3 Ewsziel Equakion.
wE g g & Fookdgsdatx Sy =0

o the series solubion!
Q=G EC -1 ™ (2R D2 (2R lnl hE )

Enter=0K ESC=CAMCEL
HAIN AL AUTO FUNC 2730

solve(ode(x 2%y " "(x)+x*y " (x) +x"2*y(x)=0,v(x)))

Warning: Only Q-solvabkle exponential solutions will ke found!

{C2 - Jylx) + C3 - Yolx)}

and wxMaxima’s answer:

(5130) odeZ (x™2*"diff (v, 3, 2)+x*"diff (v, x)+x"2*y=0, v, %) ;

((030) y=bes=sel vwilO, x)%kEi—bessel_j(D, x18k1

[ode: : secondOrder]

(5131) ode2 (x™2*"diff (v, x, 21+~ "diff (v, )+ (x"2-4) *y=0,v, 1) ;
(5031) y=hbeszsel viz, x)%kEi—bessel_j(Z, x18k1

(5132) ode2 (x™2*"diff (v, x, 21+~ "diff (v, )+ (x"2-3) *yv=0,v, 1) ;

is )3 an integer?

type ¥ or n.

The solution contains the so called Bessel functions (see DNLs #18 and #34). DERIVE
provides a utility file BesselFunctions.mth. Bessel functions can also be found in
SpecialFunctions.dfwand SpecialFunctions.mth provided in the Users

Folder.

After this short trip into the world of higher mathematics | will return to easier fields.

When | found F2 Option 9: Reduction of Order | — again — consulted my text books on
ODEs and didn’t find anything matching with this option. | didnt find one single problem
similar to (14) or (15). Given is a 2" order ODE and one of its solutions. Find the second one.

14)  y'A-x*)-2xy' +6y=0; y, =

3x*-1
2

(15  y"-2y'-3y=6; y, =e*



Fiv Far Fuv|_ FET FE™ [fr
1. Order R EIEO-der n|POE|Transt [More |k
1:Any 2.0rder DE
fHomogeneaous
fHon—Homogenesous
2. 0rder OE Checker
TUP Saolueri wl#xd
ariation of Para.

Eeduckion of abder.

' kg e G kg =1

gixat [l il-wt2)

Ext qimi=1-02%0

1. Sol. glixa=: [(3x"2-12-7
Ex! ygllwi=cosidCxil

Hotef rix) is irreleuvant

to find gZdxi.

A MR A L _q:]
|
|

Enter=0K ESC=CHHCEL
RN EAD_ AUTO THRIN FAD AUTO FUOMC 22750

P
= et [ D e g

i v 3

2. 50lution u2ixi= e - In™2—1 ddud=

gl a0 -y ladu gl Cd @ 1ddx 1

Here., -Jotxidx= x2 -1

=I=2ws (1= 20 dn= Thus,

I -2 (e 2-1 vdw= JLe™ 0Py Cxada gl Gl e 1dx=

'ln(xz-—l] J1A ™ 2=107( 32— 020 2=

and &0 -yl adx = “lhlx + 13 + lnfx = 13 + 3 + Y
e ~Inix 2-1dui= 2 2 2 [[F-x+1] 23
AN FAD_AOTO FUME 23/30 ;| HAIM FAD_AUTO FUME z3/50 IF U 26|

|’F1 T Fev Trzv]’ruv]’ FE T FE T]
- E Algebra|Calc|Other|PrgmI0|Clean Up

IT S iu;
ul el e ey Oyl Ced & 1=

(3™ 2= 102k A (™ 21 Dok Fkg ™21 D2 0=
(I 2=10-2% - Indn+ 1 02+ Indx—1 0240 (30~ (2P

1322 = 1] 1nexc + 13 +[3-x2-1]-1n(x-1)h
T

4 L =1
4—1l1Mx+1)+[3x2—111Mx—1)+3m
(1-3%2) 1ree+ 0+[3 %2 - 1) Inix - 1 + 5 ! 7 z
4 PrES
FAIN EAD AUTO FUMC 2%/20 [FaUZE FMAIM RAD AUTO FUMC 1/%0

I check the validity of the complete solution —and I can be satisfied. DEQME does a good
job.

2 ¥ -1
2 (3-x - lj-LN[—J
3w -1 ¥+ 1 3%
Toes(x] = €l —————— + €2 +
2 4 2
2
TJoes" " (x1:(1 - % 1 - 2-x-Toes" (%) + 6-Toes(x) = 0
Example (15)
R R B T o
Reduction of -:Id-zr. . D = : L i

g g kg e (e g =i Z.5olution uZ2ixi=

g [2 | ul Gkl Lo ¢~y e gl € E 1y

Exi ogimd=1-02%2 Here., -Soixidx=

1. Sol. gldxi=r [#703x)] ] .

Ex: ylixdi=cos(lixdd Foole=

Mote: rix) iz irrelevant

to find W20xr. 2-x

and en¢ latodo=

e 2] 1=

MAIN RAD AUTO FUNC 1720 MAIN FAD ALTO FUNE 1,730 T |
= =
-] fhr JFW
92-x
Thus,
JLe™C-raCidxr gl Cxie 1dx= Finallu., uZixi=
St 2™ I 2= Ul Cadal Lo -SoCuidud uyl (a2 E Jdx=
- HE e Rl e - da o=

4 e Fu ke e mdokug ) =
Finallu., uZixi= e R
gl e e~y Ceendw gl Gl & Jofe= 4
HAIN FAD AOTO FUHE 1,30 s HAIM FRD_AUTD FUML 1750 JF 11l 6]

The complete solution of the homogeneous equation is ¢, e* +c,e ™. Check it!



I mentioned the Legendre Equation earlier. Option A treats this kind of 2" order ODE.

(16) Legendre DE: (1-x?*)y"-2xy +n(n+1)=0; neN.

Fiv Far Fuv|_ FET FE™ [fr
1. Order R EIEO-der n|POE|Transt [More |k
1:Any 2.0rder DE
2fHomogeneous
3tHon—-Homogenesous
4:2, Order OE Checker
S:IUP Soluer: xl#xd
%:Uar1at1nn of Para.
2
]
H

tUndetermined Coeff
tBes=e] Equation
ERedggt1n

hlﬂﬁ Qe

HMAIN EAD AUTO FUNMC 1/30

l.5olution dlixi=
3xZ-1
2
Z2.50lution uZixi=
ul Gl [e™ 0 -y Candx gl Ced € 1dx=
(3-x2- 1) ante+ 1y (32 -1)dnGe-13
4 4

AN FAD_AOTO FUHE 070 s

1 i'u.FII'.r L 5 Il
Ledendre Diff Ean.
Cl-w™2ayg ' ' =Sy 'k Cnt] Jyg=0
n: [
Choose 12n=5 .
Solution is a#yl Ced+begZOxd with
ylCxi=Legendre Poluynomial.
yZ2ixy results from Reduction

of Order.
Enter=0K ESC=CAMCEL
1g¢2
RN FAD AUTO FUNE 0750

R i T T Fiw
Arrnff st [ e me 0T g gy e

e+ 1) (352 -1) 1nex-11
3

(l1-322) tnee+ 13+ (322 = 1) e - 1y

F
Thus . atul Cxi+bdu2ixi=

b3 xZ-1)inic+ 13 bl3 xZ-1] 1nix—)

3

E]
HAIM FRD_AUTD FUHL_0/50 JF 11l 6]

Please compare with (14) from above. Now you might find an explanation for my choice of y;.
The Legendre Polynomials for ne N can be produced by the “Formula of Rodrigues™:

Uﬂ)_

1 d k2 ke
VECTOR| —— | —| (x -1) , k, O, &
e dx

2 2

3w -1 ¥ (5-x - 3] 35.x

- 30.x + 3

]n (x> =1)".

4 2
®-(6B3.x - ?0-x% + 15)

2 2

As calculation times for finding the Legendre polynomials increase enormously on the Tls, it is
restricted for n <5.

]



MuPAD:

jsolve fode ( (1-x"2) %" " () —2%=x*y " () +2*%y (21 =0,v (x)))

{r:ﬁ-x+r:5-(x'h”:§_1]' —x']n':;*” + 1)}

jsolve fode ((l-x"2)*y T T () -2%x*y " (x1+6%v (x)1=0,v (2] )]

R UM

(Nice job for the students: Compare the result with the result from page 40, Problem (14)!)

By the way, the LDE — algorithm works also for n = 0.

The last option doesn’t need much space, because we talked about 2™ order Euler Equations and how
to treat them on page 32. Option B does this in a very reduced form See example (8) treated with this
option:

Fiv FEv Fyv | FE¥ FE™ [F7
1. Order EREEIO-der n|POE|Transt [More |k
1:Any 2.0rder DE
2fHomogenesous
3tHon—-Homogenesous
4:2, Order OE Checker
S:IUP Soluer: xl#x2
%:Uarlatlnn of Para.
2
9
A

. - HE Bk B B
Z. Ordgr Cauchy-Eulsr DEG. =

hawve the format:

w2y Hhkcky ' oy =0
Solution:

using x=s"{s) we get:

y' '+ih-1 kg Hodyg=0

which reguires us Lo solue
=2+ k-1 rkz+c=0

| CEnter=0K » CESC=CAHCELD

tUndetermined Coeff
ftBes=el Equation
tReduction_of Order
I=Le crdre OEL

2 auchay—-Euler

-

HMAIN RAD AUTO FUNC 1./20 MAIN RAD AUTO FUMC 1/20

= solution cases. b

13 I ch-13i-dc0, Lthen
y=Clde™ (s 1ks 1+02%e™(s24s )

o

A T Y B Y .t
Enter Cauchy Euler De-an. y

Khz*ﬂ;'+b*x*g'+g*g=ﬂ

23 If th-133-4c=0, then b= 2 |
y=[C1+C2+1n0xd J4x™ 0512 e=: [£ |
32 If cb-122-4c{@, then OPTIOHAL: Initial condition

o Tl R p

+oZkcostBRlnCx # ]| =:

where A=-(b-1372, gixBa=: 10

B=1s2#l(dc—(h-12322, gl iumr=: [19
k(EntEp:DK b (ESE=EHNCEL)J | Enter=0K ESC=CAHCEL » )

AN EAD AUTO FUOHC 1750 HRIH FAD AUTD FUML 1730

-

i ;.;E: itiu
Ch—1a2—

thus case 1:

Feros [2l.291e Since x;e iz?, we qet:
L-3 21 u=kZ-x +==
B 1 =zolution:
Hz:i:iA(zﬁ*z}iig*eA(SZ*s} Using Initial conditions:
Here. 1I3=%+4-k2
U= kZ e 54l 20E 3kl
15=4 k-7
HAIN RAD_AUTO FUNC_1/=0 T HAIN RAD AUTO FUMC_1/=0 TITE:
] ] I am looking forward to investigating Menu F3
. . . Order n containing the topics Linar+Const
Solwing vields:
kl=-16 and k2=23 Coeff, 2xLinear System, X' = A =* X,
Particular Solution isi
- (-3 X' = A * X + F and Separable DE - and to
z . . .
- * “remember” a lot about Differential Equations
3w - 16 )
ys————
3 again.

HAIH RO ALUTO FUHL 0/=0 JFruzE




Differential Equations Made Easy for T1-89, 92+ and VVoyage 200 is available from
http://www.ti89.com

You can find much information about Legendre and Bessel DEs at

http://mo.mathematik.uni-stuttgart.de/inhalt/beispiel/beispiel822/

http://en.wikiversity.org/wiki/Legendre differential equation

http://www.math.tugraz.at/~berglez/Math C/Folien 10%28Potenzreihenans%29.pdf
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Differential Equations “stepwise” with DERIVE and TI-Nspire

| liked the stepwise simplification in DEQME — users of DEQME appreciate this
feature of DEQME, too. On page 39 | mentioned the “challenge” how to create a
similar procedure with DERIVE or TI-Nspire or any other CAS-tool.

Here are my results for the homogenous 2" order ODEs with constant coefficients:

The DERIVE Stepwise (without printing the progam):

"Stepwise solution for homogeneous 2nd order QDEs with constant coefficients.
y'+hy +oy =10

hom_ib o x0 y0 w0y ) with y(x:0)=y0 and y'(=0)=w0.
Three examples:

y' o dy =1

#1: hom2_IW(0, -4)

Characteristic equation:

s = -2wsz=2

Discraminant = 16

Discraminant = 0 + two real solutions: sl ¢ =2
(2, -2]

General solution: y = clee®(slex)+cZee™(s2ex),

hence:

2. - 2-x
#2: v = cl.e + cZ-a

X -BR + 9x(t) =0

#3: homz_IW(-&, 9, t, =]

Characteristic equation:

2 B+ 9 =0

Ciscriminant = 0

Discraminant = 0 =+ one real double solution: =1 = =2
(2]

hence

#4 x = cl.e + c2-t-e



W' =y By = 0oyl 2) = 1y e 2 = -1
#5: hom2_IV[—4. B, v, —i—. 1, —1]
2

Characteristic equation:

h2 —dis 4 =0

Discriminant = -16

Discriminant < 0 -+ two complex solutions: sl # =2
[2+ 2L, 2 - 2]

General solution: y = cl=e™(RE(s1)+x)=sin(IM{s1)ex )+c2=e™ (RE(s2)+x ) ecos (IM(s2)=x ),
hence:

General solution:

v = eM(2.%). (20050210 + cL.SIN(Z.x))

SoTving the Initial Walue Problem:

1. equation: y(x0)=y0

2 = - etiom

2. equation: yix0i=v0

2icl + 2002 = eMem)

Solutions for ¢l and <2 are:

[[3:e"(-m/2], [- e*{-m]]

SoTution
2-x
General solution y =2 . (c2.C0%02.%) + cl-5IN(2.-%x])
#5: 2ew —m [ 3-5INCZ-x)
Therefore, the solution is: w = & | ——— - 0s(2.x)
2
m 2ex - m  3-5IHCZ2-x)
#7.  DSOLVEZ_IV|-4, 8, 0, x, —, 1, -1|=e J— sezex)
Z Z

The “steps” printed in blue are created by using the DISPLAY-function. We don’t
have a PAUSE-function like in the TI-89, 92 and Voyage 200 programming language.
So | can show the steps in a form of report only.

Unfortunately | cannot enter “DERIVE’s interior” in order to make use of DERIVE's
stepwise calculation. As | mentioned ealier it is very interesting to apply the DERIVE
steps on the DERIVE functions. Sometimes you might fail. | entered DSOLVEZ2_IV(-
4, 8, 0,x,n/2,1,-1) and was stopped by “Memory exhausted” after three steps ....



Using the features of the latest version of TI-Nspire (there are rumors that release of version
3 will be soon) results also in a nice dialogue-driven commented output of the algorithm.

The Request-, Text-, and Disp-command are of importance. The values for b and c, and for
X0, y(x0) and y'(x0) are entered in a dialogue box.

hom?_:'v()
DE of form y" + b*y' + c*y =0
Enter b,c: 0,—4
hom. DE:
V'=4y=0

Enter Initialvalues x0, yv(x0), vO=y'(x0)
ENTER O if none

Initialvalues x0,v(x0),y'(x0): 0
Characteristic Equation:

s2-4=0

Discriminant =

16

Discriminant > 0 — two real solutions: s1 # s2
{-22}

General solution is

y=62-62'x+61-e_2'x

Done
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homQ_:'v()
DE of form y" + b*' + cty =0
Enter b,c: —4,8
hom. DE:
Y'-43'+8y=0
Enter Initialvalues x0, y(x0), vO=y'(x0)
ENTER O if none
Initialvalues x0,w(x0),y'(x0): pif2,1,-1
Characteristic Equation:

s%-4-5+8=0

Discriminant =

-16

Discriminant < 0 — two complex solutions: s1 = 52
{2+24,2-2'7}

General solution is

2'x

y=c2e -cos[2-x)+c I-e2

'x-sin(Z-x)
Solving the Initial Value Problem:

1. Equation: y(x0) = y0

1=-c2e™

A




2. Equation; yv'(x0)=v0
-1=2cre"-2c2e"

Solutions for c1 and c2 are:

1
and ¢2=—
2-e" e’

cl=

Special solution is

}__3-(ex)2-sin(2-x) (ex)g-cos(2-x)

2e”" e”

Done

The screen shots show the Calculator Application.

This is the first part of the TI-Nspire
program.
of the DERIVE

Below is the start

function.

Both programs can be downloaded from
the DUG-website (contained in
mth80.zip).

hom?2_iv

Define hom2_iv(D=

Prgm

Local co,ivs,d,sols,gen_soly_1eqleq2csx0,y0v0
Disp "DE of form y" + b¥y' + c#y = 0"
RequestStr "Enter b,c:",co

co="{"E&col" ":co:zexpr(co)
b:=coﬁl]:c:=coﬁ2]

Disp "hom. DE: "

Disp y"+by'+c y=0

Disp "Enter Initialvalues x0, y(x0), vO=y'(x0)"
Disp "ENTER 0 if none"

RequestStr "Initialvalues x0,y(x0),y'(x0):",ivs
fvsi="{"&ivs&" }"

fvs: =expr(:'vs)

di=b*-ac

sofs:cheros(52+b-s+ch)

Disp "Characteristic Equation: "

Disp s*+bs+e=0

Prog
d:= b2 - 4.¢

s_= "(s"2 + bes + c = 0
DISPLAY(s_)

"DISPLAY(s™2 + b5 + £ = 00"
DISPLAY("DMscriminant” = d)
Ifd= 0

Frog

DISPLAY (sols)
DISPLAY("hence:")

Ifd=20
Frog

DISPLAY(=0ls)

DISPLAY("hence:")

hemz_IVW(b, ¢, =, v, ®x0:= ¢, v0, «0, d, 5_, so1s, gen_sol, sp_sel, cl, c2,

sols = SOLUTIONS(s"2 + b5 + £ = 0, =)
DISPLAY("Characteristic equation:')

DISPLAY("Discriminant = 0 -+ two real solutiens: s1 £ s2'')
DISPLAY("General solution:

gen_sol = ¥y = cl.e™(x-501541) + c2-e™(x-507s5,2])

DISPLAY("Discriminant = O - one real double solution: s1 = s2")
DISPLAY("General solution: v = clee”(slex)+c2exea™(524x],")

gen_sol = vy = cl.e™(x.5015,10 + c2+x-2™(%.5005,1)

= cleg” (slex)+c2ea™(s2ex),")







